The geodesic problem on a triaxial ellipsoid is solved as a boundary value problem, using the calculus of variations. The boundary value problem consists of solving a non-linear second order ordinary differential equation, subject to the Dirichlet conditions. Subsequently, this problem is reduced to an initial value problem with Dirichlet and Neumann conditions. The Neumann condition is determined iteratively by solving a system of four first-order ordinary differential equations with numerical integration. The last iteration yields the solution of the boundary value problem. From the solution, the ellipsoidal coordinates and the angle between the line of constant longitude and the geodesic, at any point along the geodesic, are determined. Also, the constant in Liouville's equation is determined and the geodesic distance between the two points, as an integral, is computed by numerical integration. To demonstrate the validity of the method presented here, numerical examples are given. The geodesic boundary value problem and its solution on a biaxial ellipsoid are obtained as a degenerate case. 
Introduction
Geodetic research has traditionally been motivated by the need to continually improve approximations of physical reality. Several studies have shown that the Earth, other planets, natural satellites, asteroids and comets can be modeled as triaxial ellipsoids (e.g. Burša and Šíma 1980, İz et al. 2011) . Considering modern computational capabilities and the present day requirements for accuracy in measurement, it is reasonable to use a triaxial ellipsoid as a geometrical model in geodesy and related sciences. Recently, transformations have been developed between geodetic (planetographic) and Cartesian coordinates on a triaxial ellipsoid (Feltens 2009 , Ligas 2012a . Other studies concerning triaxial ellipsoids are mentioned in Feltens (2009) 
The geodesic problem entails determining the geodesic between two given points P 0 (β 0 , λ 0 ) and P 1 (β 0 , λ 1 ) on an ellipsoid (van * E-mail: geopanou@survey.ntua.gr Brunt 2004) . For a triaxial ellipsoid, the explicit description of geodesics was given by Jacobi (1839) . Using the ellipsoidal coordinates, Jacobi showed that the geodesics can be reduced to integrals. These integrals include a constant that also appears in Liouville's equation, the Liouville constant (see Section 4). A recent application of this technique with examples concerning the behavior of long geodesics was presented by Karney (GeographicLib: http://geographiclib.sourceforge.net/html/ triaxial.html). As an alternative approach, Shebl and Farag (2007) used a conformal mapping between a triaxial ellipsoid and a sphere in order to approximate a geodesic on a triaxial ellipsoid.
Solving the geodesics as a boundary value problem is a wellstudied topic in differential geometry, but only as far as the properties of the geodesics are concerned. On the other hand, there are several studies (e.g. Maekawa 1996 , Chen and Chen 2011) which present computational schemes for general, free-form parametric or regular surfaces, but with no focus on the ellipsoid.
In this paper, the method presented by Panou et al. (2013) is generalized in order to describe geodesics on a triaxial ellipsoid. In this method, the geodesic (i.e. ellipsoidal coordinates and derivatives) is obtained and then the angle between a line of constant longitude and the geodesic at any point along the geodesic is computed, together with the geodesic distance between the two points. Also, the Liouville constant is precisely determined, including an accuracy check. Our solution includes numerical integrations and so its accuracy is limited by the computational system used. The generalized algorithm can be applied for triaxial ellipsoids, biaxial ellipsoids, and spheres; it is particularly interesting to show how the general expressions are reduced in the biaxial case, as the geodesics are expressed in a parameterization other than geodetic coordinates. Finally, it would be interesting to generalize the biaxial ellipsoid solution from the (different) approaches of Sjöberg and Shirazian (2012a) , Sjöberg (2012b) and Karney (2013) to the geodesic problem on a triaxial ellipsoid.
Geodesic boundary value problem
We consider a triaxial ellipsoid which, in Cartesian coordinates (x, y, z), is described by
where a x , a y and b are its three semi-axes. From these we can calculate the linear eccentricities by
(2) The linear eccentricity h e is thus related to h x and h y by h 2 e = h 2 x − h 2 y . This triaxial ellipsoid may be parameterized as (Jacobi 1839 , Tabanov 1999 , Dassios 2012 
where −π/2 β +π/2 and −π < λ +π. These parameters can be interpreted as ellipsoidal latitude and ellipsoidal longitude, respectively (see Fig. 1 ). More details about the ellipsoidal coordinates are included in Dassios (2012) . In this parameterization, the first fundamental coefficients E, F and G can be expressed by For an orthogonal parameterization, the line element ds on a triaxial ellipsoid is given by (Deakin and Hunter 2008) 
The geodesic curvature κ along the respective parametric lines is given by (Struik 1961) (κ) β=const. = + 1 2
Thus, according to Eqs. (7), (A3b) and (A3c) only the principal ellipses are geodesics on a triaxial ellipsoid. For this reason, in order to describe the geodesics on a triaxial ellipsoid, we consider two cases: (2.1) λ 0 ̸ = λ 1 with the independent variable being the ellipsoidal longitude, and (2.2) λ 0 = λ 1 with the independent variable being the ellipsoidal latitude.
Case with
We consider a curve on a triaxial ellipsoid to be described by β = β(λ), i.e., with the ellipsoidal latitude a function of ellipsoidal longitude. Using Eq. (6) the line element is given by
Hence, the length s from λ = λ 0 to λ = λ 1 (λ 0 < λ 1 ) is obtained
From the calculus of variations, it is well-known that a geodesic β = β(λ) satisfies the Euler-Lagrange equation (van Brunt 2004) d dλ
Using Eq. (9b) we obtain
By writing out the total derivative in Eq. (10) using the chain rule, the Euler-Lagrange equation becomes
Substituting Eqs. (11) into Eq. (12a) subsequently yields
which is a non-linear second-order ordinary differential equation.
The Dirichlet conditions associated with this equation are
Hence, the geodesic between two points with λ 0 ̸ = λ 1 on a triaxial ellipsoid is described by a two-point boundary value problem.
Here, the curve is described by λ = λ(β). Using Eq. (6), the line element is given by
Hence, the length s from β = β 0 to β = β 1 (β 0 < β 1 ) is obtained
Using similar reasoning as was applied in the previous case, we
Using the partial derivatives of Eq. (16b), Eq. (18a) yields
which is subject to the Dirichlet conditions
Thus, similar to the previous case, the geodesic between two points with λ 0 = λ 1 on a triaxial ellipsoid is described by a twopoint boundary value problem.
Numerical solution
For solving the above two-point boundary value problems, we will apply the method presented in Panou et al. (2013) . This method reduces the boundary value problem to an initial value problem which can be solved by well-known numerical techniques.
Case with
Equation (13) is written equivalently as a system of two first-order differential equations,
where
The boundary values associated with this system are 
Starting with an approximate value β ′ 0 (0) , the system of Eqs. 
where the first terms on the right side of Eqs. (26) are equal to zero.
Introducing the variables
the system of Eqs. (21) and (26) can be rewritten as
This system of the four first-order differential equations can be solved on the interval [λ 0 ,λ 1 ] using a numerical integration method. The step size δλ is given by δλ = (λ 1 − λ 0 ) /n, where n is the number of steps; a greater number of steps leads to slower computation but greater accuracy, and vice versa. For the variable x 1 the initial value is always the ellipsoidal latitude β 0 . For the variable x 2 the initial value can be approximated by the spherical case.
Subsequently, in each iteration this value is corrected according to the method presented in detail in Panou et al. (2013) . For the variables x 3 and x 4 the initial values are always 0 and 1, respectively. Finally, the last iteration yields the geodesic between the two points with λ 0 ̸ = λ 1 on a triaxial ellipsoid.
In a manner similar to that presented above, introducing the variables 
and
This system can be integrated on the interval [β 0 , β 1 ] and the last iteration yields the geodesic between the two points with λ 0 = λ 1 on a triaxial ellipsoid.
Liouville's constant, angles and geodesic distance
Equation (6) can be rewritten as
which, according to Klingenberg (1982, p. 305 where c is a new constant.
The angle α at any point along the geodesic β = β(λ) with λ 0 < λ 1 is computed by (Deakin and Hunter 2008) 
which gives −π/2 α +π/2 and α ̸ = 0. When α < 0, the correct angle is obtained as α = α + π. Furthermore, since 0 < α < +π, Eq. (36) implies that 0 < c 1, where c = 1 is on the principal ellipse xy (see Fig. 1 ). Similarly, the angle α at any point along the geodesic λ = λ(β) with β 0 < β 1 is computed by
which gives 0 α +π and α ̸ = +π/2. When α > +π/2, the correct angle is obtained as α = α −π. Since − π/2 < α < +π/2, Eq. (36) implies that 0 c < 1. On the principal ellipses xz and yz, Eq. (36) gives c = h e/ h x and c = 0, respectively. We also note that Eqs. (37) and (38) involve the variables x 1 = β, x 2 = β ′ , and y 1 = λ, y 2 = λ ′ , respectively, which are obtained by numerical integration. In this way, using Eq. (36) one can check the accuracy of the numerical integration and subsequently can compute the geodesic distance between two given points.
The distance s between two given points along the geodesic β = β(λ) with λ 0 < λ 1 , using Eqs. (9), is written as an integral
which can be computed by numerical integration. Similarly, the distance s between two points along the geodesic λ = λ(β) with β 0 < β 1 , using Eqs. (16), is computed by
There is a common misconception that a geodesic is the shortest path between two points, but this is not always the case. A discussion on this complex problem is included in Struik (1961) and Guggenheimer (1977) . However, we can show under what condition a geodesic is the shortest path. According to Guggenheimer (1977, p. 265-266) , a given geodesic is not the shortest path when it contains two conjugate points, and the minimum geodesic distance of two mutually conjugate points is π (max k) 
Thus, Eq. (41) provides the length limit, below which a geodesic is the shortest path between two points on a triaxial ellipsoid.
The geodesic boundary value problem on a biaxial ellipsoid
In the biaxial case it holds that a x = a y ≡ a i.e., h x = h y ≡ h and h e = 0. Under these conditions, the ellipsoidal coordinates (β, λ) are related to Cartesian coordinates (x, y, z) by (e.g. Heiskanen and Moritz 1967, Featherstone and Claessens 2008) x = a cos β cos λ (42a)
where −π/2 β +π/2 and −π < λ +π. In this parameterization, Eqs. (4) and (5) are written as E = Bh 2 cos 2 β (43a)
In Eq. (43b), F = 0 indicates that the β-curves (parallels) and λ-curves (meridians) are orthogonal. Also, B ̸ = 0, Λ ̸ = 0 and E ̸ = 0 at all locations, and G = 0 at the poles (i.e., when β = ±π/2). The partial derivatives of Eqs. (43a), (43c) and (44) are presented in Appendix A.2.
In the biaxial case we study only the case with λ 0 ̸ = λ 1 since the case where λ 0 = λ 1 can be excluded as trivial: it is well-known that all meridians are geodesics with Clairaut's constant c equal to zero. Also, the azimuths α along the meridian are zero and the geodesic distance s between two points on the meridian is given by (Deakin and Hunter 2008) 
The curve on a biaxial ellipsoid is described by β = β(λ) with λ 0 < λ 1 and the geodesic boundary value problem consists of solving the equation
subject to the Dirichlet conditions
Numerical solution
Following the method of Panou et al. (2013) , the geodesic boundary value problem on a biaxial ellipsoid is reduced to a system of four first-order differential equations. Hence, we rewrite Eqs. (28)
Using Eqs. (23),
and, using Eqs. (29),
Hence, this system can be integrated on the interval [λ 0 , λ 1 ] and the last iteration yields the geodesic between two points with λ 0 ̸ = λ 1 on a biaxial ellipsoid.
Clairaut's constant, azimuths and geodesic distance
In the biaxial case, Eq. (36) becomes which ensures that the resulting geodesic is the shortest path between two points on a biaxial ellipsoid. Table 1 . Numerical examples in the triaxial case with λ 0 ̸ = λ 1 and λ 0 = 0°. Table 3 . Numerical examples in the triaxial case with λ 0 = λ 1 . Table 4 . Numerical examples in the biaxial case.
0°0°0°90°1.00000000000 90 00 00.0000 90 00 00. 0°were used (symmetry). We should point out that the iterative procedure does not convergence in the cases where the resulting geodesic includes the values β = 90°and λ = 0°(i.e., where it passes above the umbilical point). For this reason, we present the rear extreme cases in Table 2 which can be interpreted as follows: the geodesic with (β 0 , λ 0 ) = (+80°, −90°) convergence in all cases with −80° β +80°and λ 1 ≈ +55°, the geodesic with (β 0 , λ 0 ) = (+75°, −90°) convergence in all cases with −75° β +75°and λ 1 ≈ +66°, and so on. Finally, we point out that the first geodesic of Table 2 may not be the shortest path between those points, since its length exceeds the limit of Eq. (41). In the triaxial case with λ 0 = λ 1 , starting points (β 0 ,λ 0 ) with λ 0 = 0.5°, 5°, 30°, 45°, 60°, 85°, 89.5°and β 0 = 0°, −1°, −5°, −30°, −60°, −75°, −80°were selected, as well as points (β 1 , λ 1 ) with λ 1 = λ 0 and β 1 = 0°, ±1°, ±5°, ±30°, ±60°, ±75°, ±80°where β 0 < β 1 (set 3). Hence, in total 441 geodesics were derived. A sample of the results is presented in Table 3 .
Furthermore, we have used the values for β and λ of sets 1 and 3 using the parameters of GRS80 a = 6378137 m, b = 6356752.3141 (Moritz 1980) i.e. a biaxial ellipsoid, as input to the general algorithm of the triaxial case (Section 3). A sample of the results is presented in Table 4 . In addition, we used the same β and λ values as input to the biaxial case algorithm (Section 5.1), which produced identical results.
In order to get an estimate of the difference in length of a geodesic on a biaxial or a triaxial ellipsoid, we consider the case of an equatorial geodesic. The difference between the two surfaces is represented by the equatorial flattening of the triaxial ellipsoid, which is about 10 ppm for the triaxial ellipsoid used in our computations. Therefore, the difference in geodesic length will reach a maximum value of about 200 m, for near-antipodal equatorial points.
Concluding remarks
In this study, which is a generalization of our previous work on biaxial ellipsoids (Panou et al. 2013) , the geodesic problem on a triaxial ellipsoid was solved as a boundary value problem. From its solution the ellipsoidal coordinates at any point along the geodesic can be determined, making this method a convenient approach for plotting a geodesic between two given points on an ellipsoid. The approach to the problem as presented here does not include some special cases, which are currently under study. These are: a) geodesics having a length that exceeds the limit of Eq. (41), such that there is more than one between the given two points and the shortest path must be determined; b) geodesics that pass between the umbilical points (β = ±90°); and c) the umbilical geodesics (see GeographicLib).
The present work uses ellipsoidal coordinates (β, λ) because these constitute the orthogonal set of parametric curves on a triaxial ellipsoid. On the other hand, in the geodetic applications, the geodetic coordinates (ϕ, λ) are used. Therefore, there is a need for a transformation between the two sets of coordinates. Such a transformation has been presented by Featherstone and Claessens (2008) for the case of a biaxial ellipsoid. We are currently preparing the corresponding transformation for the case of a triaxial ellipsoid. 
